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ON SEMISIMPLE QUASITRIANGULAR HOPF ALGEBRAS
OF DIMENSION dqn
JINGCHENG DONG AND LI DAI
Abstract. Let q > 2 be a prime number, d be an odd square-free
natural number, and n be a non-negative integer. We prove that a
semisimple quasitriangular Hopf algebra of dimension dqn is solvable in
the sense of Etingof, Nikshych and Ostrik. In particular, if n ≤ 3 then it
is either isomorphic to kG for some abelian group G, or twist equivalent
to a Hopf algebra which fits into a cocentral abelian exact sequence.
1. Introduction
Let H be a finite dimensional Hopf algebra, and D(H) be its Drinfeld
double. Then D(H) is a quasitriangular Hopf algebra, and there is a Hopf
algebra inclusion H →֒ D(H). Hence, the classification of finite dimensional
quasitriangular Hopf algebras can be viewed as a first step towards the
classification of all finite-dimensional Hopf algebras.
Let (H,R) be a quasitriangular Hopf algebra. Assume that dimH is
square-free and odd. Natale proved that H is semisimple and is a group
algebra [16]. Furthermore, Natale [1] proved that a braided fusion category
whose Frobenius-Perron dimension is odd and square-free is equivalent to
the category of representations of a semisimple quasitriangular Hopf algebra,
and hence to Rep(G) for some finite group G. The present paper is devoted
to extend these results. The main technique used in this paper is the theory
of fusion categories. Our main result is the theorem below.
Theorem 1.1. Let q > 2 be a prime number, d be an odd square-free natural
number, and n be a non-negative integer. Then
(1) A semisimple quasitriangular Hopf algebra of dimension dqn is solv-
able.
If n ≤ 3 then
(2) A braided fusion category of Frobenius-Perron dimension dqn is equiv-
alent to the category of representations of a semisimple quasitriangular Hopf
algebra.
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(3) A semisimple quasitriangular Hopf algebra of dimension dqn is either
isomorphic to kG for some abelian group G, or twist equivalent to a Hopf
algebra which fits into a cocentral abelian exact sequence.
Let q be a prime number and let d be a square-free natural number. In [3]
and [4] we call a fusion category almost square-free if its Frobenius-Perron
dimension is dqn. In this paper we also call a Hopf algebra almost square-free
if its dimension is dqn.
This paper is organized as follows. In section 2, we recall some notions
and basic results which will be used throughout. In section 3, we study the
solvability of an almost square-free semisimple quasitriangular Hopf algebra
with odd dimension. We also prove that this class of Hopf algebras have
nontrivial 1-dimensional representations. In section 4, we study the case
when n ≤ 3, and obtain the classification result.
Throughout, we will work over an algebraically closed field k of charac-
teristic 0. For a finite group G, kG denotes the group algebra of G over k,
and kG denotes the dual group algebra of kG. All Hopf algebras considered
in this paper are finite dimensional over k. Our reference for Hopf algebras
is [13] and the reference for the theory of tensor (fusion) categories is [7].
2. Preliminaries
2.1. Quasitriangular Hopf algebras. A quasitriangular structure in a
Hopf algebra H is an invertible element R ∈ H ⊗ H, called an R-matrix,
satisfying:
(QT1) (∆ ⊗ id)(R) = R13R23;
(QT2) (id⊗∆)(R) = R13R12;
(QT3) (ε⊗ id)(R) = 1 = (id⊗ε)(R);
(QT4) ∆cop(h) = R∆(h)R−1,∀h ∈ H.
In this case, (H,R) is called a quasitriangular Hopf algebra. A quasitri-
angular Hopf algebra (H,R) is called factorizable if the map ΦR : H
∗ → H,
given by ΦR(f) =< f,Q
(1) > Q(2) for f ∈ H∗, is an isomorphism, where
Q = Q(1) ⊗Q(2) = R21R ∈ H ⊗H.
The R-matrix defines a braided structure on the category Rep(H) of finite
dimensional representations of H. It turns out that Rep(H) is a braided
tensor category. In particular, if (H,R) is a semisimple factorizable Hopf
algebra then Rep(H) is a non-degenerate braided fusion category [21].
2.2. Exact sequences of Hopf algebras. An exact sequence of finite
dimensional Hopf algebras is a sequence of Hopf algebra maps
k → K
i
−→ H
pi
−→ L→ k,
such that
(1) i is injective and π is surjective;
(2) π ◦ i = εK1, where εK is the counit of K;
(3) kerπ = HK+.
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If K is commutative and L is cocommutative then this exact sequence is
called abelian. If this is the case then there exist finite groups Σ and Γ such
that K ∼= kΣ and L ∼= kΓ, and we have
k → kΣ
i
−→ H
pi
−→ kΓ→ k.(2.1)
H is also called a Kac algebra in this case.
If a Hopf algebra H fits into an exact sequence (2.1) then H is isomorphic
to a bicrossed product kΣ
τ
#σkΓ as a Hopf algebra with respect to some
normalized 2-cocycles τ and σ.
An exact sequence (2.1) is called central if kΣ is in the center of H; while
it is called cocentral if its dual is central.
Remark 2.1. By [17, Lemma 3.3], if the exact sequence (2.1) is central then
σ is trivial; if it is cocentral then τ is trivial.
An exact sequence of Hopf algebras is a basic tool in the construction of
Hopf algebras, and also plays an important role in the classification of Hopf
algebras, see [15] and [9] for examples.
2.3. Pointed fusion categories. Let C be a fusion category. We use
Irr(C) to denote the set of isomorphism classes of simple objects of C. The
Frobenius-Perron dimension FPdim(X) of a simple object X ∈ C is the
Frobenius-Perron eigenvalue of the matrix of left multiplication by the class
of X in Irr(C). The Frobenius-Perron dimension of C is the number
FPdim(C) =
∑
X∈Irr(C)
FPdim(X)2.
A fusion category C is called weakly integral if FPdim(C) is an integer. If
FPdim(X) is an integer for every X ∈ Irr(C) then C is called integral.
The simplest integral fusion category is a pointed fusion category in which
every simple object has Frobenius-Perron dimension 1. If C is a pointed fu-
sion category, then C is equivalent to the category VectωG of G-graded vector
spaces with associativity constraint given by a 3-cocycle ω ∈ H3(G, k×) [20].
In particular, if ω = 1 then C is equivalent to the category of representations
of kG.
2.4. Braided fusion categories. A braided fusion category C is a fusion
category equipped with a natural isomorphism cX,Y : X ⊗ Y → Y ⊗X, for
all objects X,Y ∈ C, satisfying the hexagon diagrams [12].
A balancing transformation (or a twist) of a braided fusion category C is
a natural automorphism θ : idC → idC satisfying
θ1 = id1 and θX⊗Y = (θX ⊗ θY ) ◦ cY,X ◦ cX,Y .
A braided fusion category C is called premodular if it admits a twist θ
satisfying θ∗X = θX∗ for every X ∈ C.
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Let C be a braided fusion category. If D is a fusion subcategory of C, the
Mu¨ger centralizer D′ of D in C is the full fusion subcategory generated by
the set
{X ∈ C|cY,XcX,Y = idX⊗Y ,∀Y ∈ D}.
The Mu¨ger center of C is the Mu¨ger centralizer C′. The braided fusion
category is called non-degenerate if C′ ∼= Vect is trivial. A premodular
category C is called modular if it is non-degenerate.
Remark 2.2. In the following context, we only consider weakly integral fusion
categories. Any weakly integral braided fusion category has a canonical
twist [8]. Hence, an weakly integral braided fusion category is modular if it
is non-degenerate.
A category C is called symmetric if C′ = C. Let G be a finite group.
The fusion category Rep(G) of finite dimensional representations of G is a
symmetric fusion category with respect to the canonical braiding. A braided
fusion category E is called Tannakian if E ∼= Rep(G) for some finite group
G, as symmetric fusion categories.
A fiber functor for a tensor category C over k is a tensor functor F :
C → Vect. By the reconstruction theorem for finite dimensional Hopf al-
gebras, given a fiber functor F for a tensor category C over k, the algebra
H := End(F ) has a natural structure of a finite dimensional Hopf alge-
bra, and we have a canonical equivalence of tensor categories C ∼= Rep(H).
Conversely, given a finite dimensional Hopf algebra H, the forgetful functor
F : Rep(H)→ Vect is a fiber functor.
The lemma below is modified from [1, Lemma 7.3] which we restate for
the convenience of the reader.
Lemma 2.3. Let C be a braided pointed category whose Frobenius-Perron
dimension is an odd integer N . Then there exists an abelian group G of
order N such that C is equivalent to the category of G-graded vector spaces
Vect1G. In particular, C has a fiber functor.
Proof. Since C is pointed, C = VectωG for some finite group G and some
cohomology class ω ∈ H3(G, k×).
The braided and premodular structures on a pointed fusion category are
classified in [10, Section 7.5] in terms of cohomology. In particular, for a
given twist θ on C, the cohomology class ω is trivial if and only if θ is 1 on
the subgroup 2G = {g ∈ G : g
2 = 1}. Since the order of G is odd, 2G must
be trivial and hence ω is trivial. Finally, the existence of a braiding implies
that G is abelian. 
Let C be a braided fusion category, and Rep(G) be a Tannakian subcate-
gory of C. Following the procedure described in [5, Section 4.4], we can get
a new fusion category CG, called the de-equivariantization of C by Rep(G).
Conversely, the fusion category CG admits an action of G by tensor autoe-
quivalences, and this action gives rise to a new fusion category (CG)
G such
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that C ∼= (CG)
G. By [5, Proposition 4.26], we have
FPdim(CG) =
FPdim(C)
|G|
.(2.2)
Let Rep(G) be a Tannakian subcategory of C. Then the de-equivariantization
CG of C by Rep(G) admits a G-grading CG = ⊕g∈G(CG)g. The trivial com-
ponent (CG)e of this grading is also a braided fusion category. The category
C is non-degenerate if and only if (CG)e is non-degenerate and the grading
is faithful, that is, Cg 6= 0 for all g ∈ G [5, Proposition 4.56].
The notion of an exact sequence of tensor categories was introduced and
studied in [1]. By definition, an exact sequence of tensor categories is a
diagram of tensor functors C′ → C → C′′ satisfying certain conditions. In
particular, given a Tannakian subcategory Rep(G) of a braided fusion cat-
egory C, we have an exact sequence of fusion categories (see [1, Section 1]):
Rep(G)→ C → CG,
where CG is the de-equivariantization of C by Rep(G).
3. Solvability of a semisimple quasitriangular Hopf algebra
In this section, we assume that q is a prime number, d is a square-free
natural number and n is a non-negative integer. We also assume that C is a
braided fusion category of Frobenius-Perron dimension dqn.
The notion of solvability of a fusion category was introduced in [9]. In
this paper, we call a semisimple Hopf algebra solvable if its representation
category is solvable.
Lemma 3.1. Assume that C is non-degenerate. Then C is solvable.
Proof. Assume first that C is integral. By [3, Lemma 3.4], C has a Tannakian
subcategory equivalent to Rep(Zq). Let CZq be the de-equivariantization of
C by Rep(Zq). Then CZq = ⊕g∈Zq (CZq )g is a grading of CZq . Since C is
non-degenerate, this grading is faithful and the trivial component (CZq )e is
also non-degenerate. In addition, (CZq )e has Frobenius-Perron dimension
dqn−2 by equations (2.2). By induction on n, (CZq )e is a solvable fusion
category. Because the class of solvable fusion categories is closed under
taking extensions and equivariantizations by solvable groups [9, Proposition
4.5], CZq and hence C are both solvable.
We then assume that C is not integral. In this case, C is a G-extension
of an integral fusion subcategory D, where G is an elementary abelian 2-
group [11, Theorem 3.10]. Since C is non-degenerate, [6, Lemma 1.2] shows
that the square of FPdim(X) divides FPdim(C), for every X ∈ Irr(D). In
addition, D is an integral braided fusion category. All these facts show that
FPdim(X) is a power of q. So D is solvable by [2, Corollary 3.5], see also
[19, Theorem 7.2]. It follows that C is solvable, since it is an extension of a
solvable fusion category by a solvable group. 
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Remark 3.2. This result was also obtained by Natale in [19] by different
method.
Theorem 3.3. Assume that C is degenerate and has odd dimension. Then
C is solvable.
Proof. Since C is degenerate and FPdim(C) is odd, the Mu¨ger center C′ of
C is a Tannakian subcategory by [5, Corollary 2.50]. So there is a finite
group G such that C′ ∼= Rep(G). In addition, G is a solvable group since
its order is odd. Let CG be the de-equivariantization of C by Rep(G). By
[9, Remark 2.3], CG is a non-degenerate fusion category. The Lemma 3.1
shows that CG is a solvable fusion category. It follows that C, being an
equivariantization of a solvable fusion category by a solvable group, is a
solvable fusion category. 
Remark 3.4. Note that a degenerate braided fusion category of Frobenius-
Perron dimension dqn which is even may not be solvable. For example, let
A5 be the alternating group of order 60 = 2
2×3×5, and let Rep(A5) be the
category of finite dimensional representations of A5. Since A5 is a simple
group, Rep(A5) is not solvable by [9, Proposition 4.5].
Corollary 3.5. Let H be a semisimple quasitriangular Hopf algebra of di-
mension dqn. Assume that FPdim(C) is odd. Then H is solvable.
Proof. Let C = Rep(H) be the category of representations of H. Then C is
a braided fusion category. If H is factorizable then C is non-degenerate, and
hence the corollary follows from Lemma 3.1. If H is not factorizable then C
is degenerate, and hence the corollary follows from Theorem 3.3. 
Corollary 3.6. Let H be a semisimple quasitriangular Hopf algebra of di-
mension dqn. Assume that FPdim(C) is odd. Then H has a nontrivial
1-dimensional representation.
Proof. Let C = Rep(H) be the category of representations of H. Then C is
solvable by Corollary 3.5. By [9, Proposition 4.5], C contains a nontrivial
invertible object δ. Let D be the fusion subcategory generated by δ. Then
D ∼= Rep(kΣ) for some cyclic group Σ. Hence we have a Hopf quotient
H → kΣ. This implies that kΣ ⊆ kG(H∗) ⊆ H∗ which completes the
proof. 
4. Classification of a semisimple quasitriangular Hopf algebra
Theorem 4.1. Let C be a braided fusion category. Suppose that C′ contains
a Tannakian subcategory Rep(G) such that the de-equivarization CG of C
by Rep(G) is pointed and has odd dimension. Then C is equivalent to the
category of representations of a semisimple quasitriangular Hopf algebra.
Proof. By assumption, we have an exact sequence of fusion categories
Rep(G)→ C → CG.
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Since Rep(G) is contained in the Mu¨ger center C′, the de-equivarization
CG is braided by [9, Remark 2.3]. By Lemma 2.3, CG has a fiber functor,
and hence C has a fiber functor. By the reconstruction theorem for finite
dimensional Hopf algebras, C is equivalent to the category of representations
of a Hopf algebra H. Since C is braided and semisimple, H is quasitriangular
and semisimple. 
The notion of a group-theoretical fusion category was introduced in [8].
By [14, Theorem 7.2], a braided fusion category is group-theoretical if and
only if it contains a Tannakian subcategory such that the corresponding de-
equivariantization is pointed. Hence the fusion category C in Theorem 4.1 is
a special case of group-theoretical fusion categories. The following corollary
shows that this special case really exists. When n = 1, the following result
has been proved by Bruguie`res and Natale in [1].
Corollary 4.2. Let q > 2 be a prime number and d be an odd square-free
natural number. Suppose that C is a braided fusion category of Frobenius-
Perron dimension dqn with n ≤ 3. Then C is equivalent to the category of
representations of a semisimple quasitriangular Hopf algebra.
Proof. Since the Frobenius-Perron dimension of C is odd, [11, Corollary 3.11]
shows that C is an integral fusion category.
Suppose that C is non-degenerate. Then C is pointed by [3, Corollary 3.3]
and the theorem follows from Lemma 2.3.
Suppose that C is degenerate. Then the Mu¨ger center C′ of C is not
trivial. Since FPdim C is odd, [5, Corollary 2.50] shows that C′ ∼= Rep(G)
is a Tannakian subcategory for some finite group G. Let CG be the de-
equivarization of C by Rep(G). By equation (2.2), FPdim(CG) = d
′qn
′
, where
d′ is a square-free natural number dividing d and n′ ≤ 3. By [5, Corollary
4.31], CG is a non-degenerate braided fusion category. Hence CG is pointed,
also by [3, Corollary 3.3]. By Theorem 4.1, C is equivalent to the category
of representations of a quasitriangular semisimple Hopf algebra. 
A twist in a finite dimensional Hopf algebra H is an invertible element
J ∈ H ⊗H such that
(ε⊗ id)(J) = (id⊗ε)(J) = 1,
(∆⊗ id)(J)(J ⊗ 1) = (id⊗∆)(J)(1 ⊗ J).
If J ∈ H ⊗H is a twist then there is a new Hopf algebra (HJ ,∆J , SJ ),
where HJ = H as an algebra, comultiplication ∆J(h) = J−1∆(h)J and
antipode SJ(h) = v−1S(h)v where v = m(S ⊗ id)(J).
Two Hopf algebras H and H ′ are called twist equivalent if H ′ ∼= HJ for
some twist J . It is well-known that H and H ′ are twist equivalent if and
only if Rep(H) is equivalent to Rep(H ′) as tensor category. Therefore, the
class of semisimple or quasitriangular Hopf algebras is closed under twist.
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Corollary 4.3. Let q > 2 be a prime number and d be an odd square-
free natural number. Suppose that H is a semisimple quasitriangular Hopf
algebra of dimension dqn with n ≤ 3. Then
(1) H is isomorphic to kG for some abelian group G;
(2) H is twist equivalent to a Hopf algebra H ′ which fits into a cocentral
abelian exact sequence
k → kΣ → H ′ → kΓ→ k,(4.1)
where Σ and Γ are finite groups, and Σ is abelian.
Proof. Let C = Rep(H) be the category of finite dimensional representations
of H. Then C is a braided fusion category. If H is factorizable then C is
non-degenerate, and hence it is pointed [3, Corollary 3.3]. Then part (1)
follows from Lemma 2.3.
Assume that H is not factorizable then C is degenerate. By the proof
of Corollary 4.3, the Mu¨ger center of C is a Tannakian subcategory. Hence
there exists a finite group Γ with odd order such that Rep(Γ) is the Mu¨ger
center of C. Let CΓ be the de-equivarization of C by Rep(Γ). Then C ∼=
(CΓ)
Γ is an Γ-equivarization of CΓ by the discussion in Subsection 2.4. Also
by the proof of Corollary 4.2, CΓ is pointed and has a fiber functor, and
hence CΓ is equivalent to Rep(k
Σ) for some abelian group Σ by Lemma 2.3.
Therefore, C ∼= (Rep(kΣ))Γ. It follows from [18, Proposition 4.2] that H
is twist equivalent to a Hopf algebra H ′ which fits into a cocentral abelian
exact sequence as described. 
Remark 4.4. When n = 1, one more precise classification result is obtained
by Natale [16]. Let H be a quasitriangular Hopf algebra. Assume that dimH
is odd and square-free. Natale proves that H is semisimple and isomorphic
to a group algebra.
Since the class of quasitriangular Hopf algebras is closed under twist, the
Hopf algebra H ′ in Corollary 4.3 is also quasitriangular. In addition, H ′ is a
bicrossed product kΣ
τ
#σkΓ for some τ and σ. Because the exact sequence
(4.1) is cocentral, H ′ is a crossed product kΣ#σkΓ as an algebra by [17,
Lemma 3.3].
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